We develop a model Hamiltonian to treat anomalous Hall conductivity in dilute magnetic semiconductor (DMS) of type (III, Mn, V) considering the impurity potentials (potential due to interaction of spin of carriers with localized spin of dopant (Mn) and coulomb like potential). Using equation of motion in Green function together with Quantum Kubo-formula of conductivity, the anomalous Hall conductivity is calculated as function of spin-orbit coupling, exchange field and carrier polarization. The calculated result shows that at low impurity concentration, the interplay between spin polarization of carriers, spin-orbit coupling and exchange fields is crucial for existence of anomalous Hall conductivity. The monotonic increment of anomalous Hall conductivity with exchange field is observed for strong spin-orbit coupling limit. In weak spin-orbit coupling limit, the magnitude of anomalous Hall conductivity increases parabolically with the spin-orbit coupling. Our results provide an important basis for understanding the interplay between the spin polarization, spin-orbit coupling, and exchange field on anomalous Hall conductivity at low impurity concentration. The findings are also a key step to realize dissipationless quantum transport without external magnetic field.
Introduction
Transport properties of spin-polarized electrons receive considerable interest for their importance in basic science and for their potential in technological applications [1] . One of the peculiar phenomena of the conduction of spin-polarized electrons in magnetic metals that contains rich physics is the anomalous Hall effect (AHE). The anomalous Hall (AH) effect measurement has emerged as a powerful tool to gain deep insights into magnetic materials, ferromagnetism in diluted magnetic semiconductors (DMS), the materials with the best potential for spintronic devices [2] [3] ferromagnetic metals and magnetic topological insulators. Not only this, but also anomalous Hall (AH) effect is also one of the most fundamental transport properties of magnetic materials, in which the interplay between magnetism and spin-orbit coupling produces a transverse Hall voltage perpendicular to the applied current and the magnetization [4] . Although AHE was discovered more than a century ago, its mechanism is not yet well understood [1] . Many different mechanisms that contribute to the AHE were proposed by different scholars. Among them, one well-studied mechanism is the intrinsic mechanism that is related to the Berry curvature of electronic bands [5] and many experimental results are ascribed to this mechanism [6] - [11] . Moreover, S. Mekonnen and P. Singh have shown that the intrinsic version of AHC is quantized [12] , later, the extrinsic scattering mechanisms such as skew-scattering (SS) [13] and side-jumps (SJ) [14] . The skew-scattering model predicts that there is a linear dependence of anomalous Hall resistivity ( AHE ρ ) on the longitudinal resistivity ( xx ρ ), i.e. Ã HE XX ρ ρ [13] ; whereas the side-jump model predicts a quadratic dependence, 2 AHE xx ρ ρ [14] . On the best of our knowledge, the detail investigation of interplay between carrier polarization, spin-orbit coupling and exchange field in the presence of impurity potential in DMS like Ga 1-x Mn x is not yet studied in detail. Hence, the goal of this paper is to examine the interplay between carrier polarization, spin-orbit coupling and dopant induced exchange field on anomalous Hall conductivity in the presence of magnetic impurity in Ga 1-x Mn x As DMS. The rest of the paper is organized as follows. Section 2 the model Hamiltonian is developed. In Section 3 some mathematical steps are highlighted. In Section 4, numerical estimation is made using some experimental parameters. Section 5, main findings of the results were concluded and some of mathematical steps used in the Appendix Section.
The goal of this paper is to examine the interplay between spin-orbit coupling and dopant induced exchange field on anomalous Hall conductivity in the presence of magnetic impurity in Ga 1-x Mn x As dilute magnetic semiconductor.
The rest of the paper is organized as follows. In Section 2, the model Hamiltonian is developed. In Section 3, we make numerical estimation using some experimental parameters a brief review of maximum likelihood estimate and its properties. We propose an alternative least square estimator in Section 4. We made conclusion of main findings of the result and some of mathematical steps World Journal of Condensed Matter Physics used in Appendix Section.
Theoretical Model
We consider two dimensional hole gas (2 DhG) in the presence of Spin-orbit coupling considering the form of the usual Rashba term, exchange field, kinetic energy of itinerant holes and magnetic impurity resulting from disorder. Our
Hamiltonian is in the form of
whereas the perturbing term of Hamiltonian is given by 
After detail mathematical manipulation ( )
which can be written in matrix form in spin space as
Using Equations (6)-(9) into Equation (10), we have ( ) 
It is convenient to introduced the reference Green function 0 g ± to write Equation (11) more elegant form 
Hence, the Green function along ˆi σ where i designates identity matrix (I) and x, y and z components of Pauli spin operators is given by expression.
where,
Self Energy and Life Time
To treat the impurity part of the perturbed Hamiltonian we use Dyson series. After some mathematical simplification self energy can be found,
This expression can be also obtained using diagrammatic rule. Since we are considering dilute limit (the concentration of impurity (Mn) is low). Therefore, disorder potential is considered to be weak, it is common to take only two terms (terms with linear with impurity ( i n ) from series of iterative equation, in this limit Born approximation is valid). The self energy in Equation (19) can be written in bases of k and k' (Fourier transform) as
The first two leading order of self energy on the right side in Equation (20) become
From Equation (21), the first term gives only constant shift in energy spectrum and it has no effect on disorder boarding (life time which is proportional to imaginary part of self energy). Hence in born approximation the only remaining term,
which can be written in compact form
From Equation (23), we plagout 0 k G from configuration average since it is corresponding to non perturbative part of Hamiltonian (it is free from disorder).
After impurity averaging together with detail mathematical manipulation one can obtain the impurity potential as
For j = l, Equation (24) results ( ) 
On account of Equation (12) ( ) ( )
here we introduced the small parameter  in the denominator to account singularity of this expression. Since the self energy is complex function which can be decomposed into real and imaginary part as
Using Dirac identity, ( )
Since the real part has only effect on of quasi particles and it has no effect on life time of quasiparticles, we shall take only imaginary part (it is common approximation if the disorder effect is weak). Therefore, after removing the real part we left only,
In Equation (34) we have used  instead of V which designates volume in order to save ourselves from confusion of impurity potential (V) and volume. 
where we have introduced notation ( )
However, most commonly notation Γ is used instead of ImΣ or ( ImΣ = Γ ), thus, 
where τ + and τ − are relaxation times holes in different sub-bands.
To introduce the contribution impurities (disorder) into bar reference Green functions R A g ± , we use Dyson series for reference Green function as
After plugging Equation (46) into Equation (45) and after some mathematical algebra it yields
Then relating the life time and imaginary part of self energy using Equation
. Therefore, after impurity correction the Retarded Green function along ˆi σ can obtained as ( )
After detail mathematical manipulation, the impurity averaged retarded and corresponding advanced Green function respectively along ˆi
Anomalous Hall Conductivity
The Anomalous Hall Conductivity yx σ which corresponds to the non vertex correction at zero temperature based on the Kubo's formula for Fermi surface contribution is given by 
After changing Summation into integration using 
The final expression for Hall Conductivity in the presence of random mag-netic impurity were obtained by substitution of Equations (49)-(52) into Equation (59), the detail mathematical step are indicated in Appendix Section.
Hence some terms are canceled and we left with 
Numerical Estimation and Discussion
Equation (71) shows that Anomalous Hall conductivity in the presence of magnetic and non magnetic impurity, resulting from Fermi surface is independent of lifetimes τ and depends only on its spin-dependence (polarization of carriers). The life time independent of anomalous Hall conductivity is characteristic of side jump mechanism [15] . Therefore, anomalous hall conductivity in the presence of weak impurity potential is more likely mediated by skew scattering. Moreover, Equation (71) clearly reveals that if both bands (spin up and spin down) are occupied, the value of spin polarization ( h p ) get vanishes which yields zero ( , 0 im x y σ = ). And also increasing carriers polarization results increasing anomalous Hall conductivity. Therefore, the polarization of carriers resulting from exchange interaction between localized spin of dopant (Mn 2+ ) and itinerant holes are crucial for existence of Skew type of anomalous Hall conductivity low impurity limit. Hence it is formal improcedure to assume only majority band contribute for , im x y σ and switching off the minority band, which simplifies Equation (71) to ) for weak spin-orbit coupling limit. [16] . Experimentally, observed values of Rashba SOC parameter lie in the range 1 × 10 12 eVm -6.3 × 10 11 eVm for a large variety of systems [16] , the values of exchange field can vary from (0 -200) meV [2] . From Figure 1 , we can see that as β increases the magnitude of anomalous Hall conductivity increases monotonically, which in turn shows that as magnitude of exchange field ( ex h resulting from interaction of localized spin of Mn atoms and itinerant holes spin) increases the anomalous Hall conductivity for strong-spin orbit coupling limit our results are in good agreement with experimental trend [4] . On the other hand, as Figure 2 ). Since α proportional to so ∆ . Therefore we can conclude that that magnitude of anomalougs Hall conductivity increases approximately half parabolic way as energy splitting due spin-orbit coupling increases the result also agree with recent experimental findings reported on anomalous Hall conductivity in Mn 1-x Fe x Ge [17] . And hence, the interplay between spin-orbit coupling and Zeeman like exchange field are crucial for existence of finite values of anomalous Hall conductivity in the presence of weak impurity potential.
Conclusion
In conclusion, we have studied anomalous Hall conductivity in Ga 1-x Mn x As DMS in low impurity potential limit. The calculated result revealed that, the interplay between carrier polarization, spin-orbit coupling and Zeeman like exchange field is vital for existence of finite values of anomalous Hall conductivity in dilute limit.
Our results are in agreement with latest experimental trends. This result shows opportunity associated to control, enhance and create anomalous Hall conductivity by controlling the density of spin-polarized density of electrons, spin-orbit coupling and exchange field, which also platform to realize dissipationless conductivity in low impurity limit.
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